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a b s t r a c t

The 3x method for measurement of thermal conductivity of a solid usually consists of a strip heater
above a substrate, and the method is based on an approximate solution of the heat conduction problem
in which the heater thickness is neglected. We establish a two-dimensional heat conduction model for
the heater-on-substrate 3x method which takes into account the finite thickness of the heater. Analytical
solutions for the finite-heater problem and the vanishing heater-thickness problem are presented utiliz-
ing the method of separation of variables. It is found that neglecting the heater thickness is not accurate
at low or high frequencies, but works well in between. This frequency range becomes narrower when the
heater thickness increases.

� 2008 Elsevier Ltd. All rights reserved.
1. Introduction

The 3x method originated from Corbino [1,2] who discovered
the small third-harmonic voltage component while applying an
alternating current through a heater. Later, it was used to measure
the specific heat of the heater itself [3,4]. The method became
popular after it was developed to measure the specific heat of
substrate materials [5–7], where a one-dimensional heater-on-
substrate conduction model with an applied heat flux was set up
which was strictly valid for an ideal, infinite, and planar heater. A
similar model was used for the simultaneous measurement of both
thermal conductivity and specific heat [8]. A seminal contribution
was made by Cahill et al. [9,10] on obtaining an analytical solution
for a vanishingly thin but finite-width heater. The analytical solu-
tion for a line heater on a substrate [11] was integrated to give the
solution for the heater of finite width in integral form [10]. An
approximation for the integral solution, which is commonly used,
was also obtained for small frequencies [10].

A few authors have extended this approach. The integral solu-
tion for finite-width heater was investigated and a formula was de-
rived for heat capacity measurement at the same frequency range
as the conductivity measurement [12]. Moon et al. [13] showed
that a much simpler formula exists at the high-frequency limit
which can be used for specific heat measurement. The integral
solutions have also been extended to measure the thermal proper-
ties of thin films [14–21] and liquid materials [13,22–24]. Other
than heater-on-substrate configurations, several authors have also
developed the 3x method for suspended wires, such as nanowires
[25] and nanotubes [26–29]. A general analysis on the thermal and
voltage response for both suspended wire and narrow planar
ll rights reserved.

: +1 657 631 8341.
heater, and the difference between the current- and voltage-driven
setups, was also discussed [30].

Few studies have solved the heater-on-substrate problem,
which is the basis of the 3x method, by starting from anything
other than the original line heater solution [9,10]. The two-dimen-
sional conduction problem for 3x method with an imposed heat
flux was solved using a Green’s function [31]. The three-dimen-
sional conduction problem was also solved using the integral
transform method and the heat flux boundary condition [32]. It
was pointed out that the linear formula is not valid at very low fre-
quencies and another approximate formula, based on an analytical
solution, for thermal conductivity calculation at very low frequen-
cies was given [32].

All these studies have neglected the thickness of the heater
(normal to the substrate). Birge and Nagel [6] claimed that the hea-
ter thickness can be neglected if it is small compared to the pene-
tration depth and if the heat stored in the heater itself can be
ignored. However, no analysis was given there. Jonsson and
Andersson [33] utilized the finite element technique to simulate
the one-dimensional 3x method [5–7]. They considered the heater
thickness in their model and their results showed that there is a
low-frequency limit for the validity of the model and that, at high
frequencies, the finite thickness of the heater also causes a devia-
tion from the theoretical prediction. It should be pointed out that
they assumed a constant temperature at the interface between
the substrate and the heater. Jacquot et al. [34] numerically simu-
lated the problem by a finite-volume technique, in which they took
into account the heater length and thickness, and the isothermal
and adiabatic boundary conditions of the substrate. They also no-
ticed that there is a decrease of the temperature oscillation from
the integral solution at small frequencies. Borca-Tasciuc et al.
[35] incorporated the heater thickness and heat capacity in their
analytical model, while neglecting the heat conduction within
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Nomenclature

a and b heater thickness and width defined in Fig. 1(a) (m)
c and d dimensions of substrate defined in Fig. 1(a) (m)
A, C, and D non-dimensional distances
H(�) Heaviside function
I0 alternating current amplitude (A)
k thermal conductivity (W/m K)
K thermal conductivity ratio between substrate and hea-

ter
L coefficient vector
M coefficient matrix
P power generated per unit length (W/m)
q
00

heat flux (W/m2)
R coefficient vector
t non-dimensional time
t* dimensional time (s)
T non-dimensional temperature
T* dimensional temperature (K)
T�0 reference temperature (K)
(x,y) non-dimensional Cartesian coordinates
(x*,y*) dimensional Cartesian coordinates (m,m)

Greek symbols
a thermal diffusivity (m2/s)
b thermal diffusivity ratio between substrate and heater
hc;s

h;s amplitude of non-dimensional temperature oscillation
v ratio between heater width b and the penetration depthffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

as=2x�
p

x* frequency (rad/s)

Subscripts
h heater
s substrate

Superscripts
c in-phase component
s out-of-phase component

Other symbols
� time average
h�i spatial average

Fig. 1. Heater on substrate (not to scale).
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the heater. They concluded that for a larger heat capacity of the
heater, the maximum working frequency of 3x method will de-
crease. It was claimed that the main drawback of the 3x method
is the requirement for the heater to be long and thin and the uncer-
tainties associated with that, but no analysis was provided [36].

Although the 3x method is extensively used for thermal con-
ductivity measurement, the formulas generally used are based on
the zero heater-thickness approximation. It is therefore necessary
to provide a complete analysis of the problem to determine the
limits of its applicability. In this paper, we study a two-dimen-
sional conduction model for the heater-on-substrate 3x method,
in which the heater thickness is non-zero. The analytical solution
is obtained using the method of separation of variables. The aim
is to provide a solid theoretical foundation for 3x method.

2. Formulation of problem

The experimental device consists of a metal heater on a semi-infi-
nite substrate that is schematically shown in cross-section in
Fig. 1(a). The thermal conductivity of the substrate is to be measured.
An alternating current, I0 cosx*t*, is made to flow through the heater
into the plane of the paper, where I0 is the magnitude, x* is the fre-
quency of the current, and t* is time. Therefore, the instantaneous
Joule heat generated in the heater per unit time per unit length is
Pcos 2 x*t* = P(1 + cos2x* t*)/2, where P ¼ I2

0R is the power per unit
length, and R is the heater resistance per unit length. The voltage
drop across the heater is measured and from that, by resistance ther-
mometry, the spatial average of the oscillatory temperature of the
heater is deduced. The relation between the amplitude of the heater
spatially-averaged temperature oscillation and the frequency of the
alternating current depends on the thermal conductivity and diffu-
sivity of the substrate material, and so their values can be deduced.

2.1. Finite heater thickness

2.1.1. Geometry
The heater in Fig. 1(a) is the rectangle DEE

0
D
0
, and the substrate

whose thermal conductivity is to be measured is BCC
0
B
0
. Due to

symmetry along the line AGF, we only need to consider the half
to the right of it. For typical values used in the experiments, the
length of the specimen into the paper is also large enough com-
pared with the thickness FG and width DD
0

of the heater, so the
problem can be considered to be two-dimensional. We take
FG = a, EF = b, CG = c, and GA = d, where c and d are two orders of
magnitude larger than b, so the boundaries AB and BC are far
enough away from the heater so as to be assumed isothermal. Thus
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the boundary conditions on the temperature T*(x,y, t) are taken to
be the following: isothermal (T� ¼ T�0) on AB and on BC; adiabatic
(normal derivative zero) on CD, DE, EF, FG and GA. At the interface
between the heater and the substrate, GD, the temperature and the
heat flux on either side should match.

2.1.2. Governing equations
The first task is to determine the temperature distribution in the

heater and substrate using the unsteady conduction equation.
Since the temperature oscillation is small, the thermal conductivi-
ties of both materials can be assumed to be constant. The volumet-
ric heat generation within the heater is P(1 + cos2x*t*)/4ab per
unit length. The governing equations for conduction in the heater
and substrate are

@2T�h
@x�2

þ @
2T�h
@y�2

þ P
4abkh

ð1þ cos 2x�t�Þ ¼ 1
ah

@T�h
@t�

; ð1aÞ

@2T�s
@x�2

þ @
2T�s
@y�2

¼ 1
as

@T�s
@t�

; ð1bÞ

where (x*,y*) are the Cartesian coordinates shown in Fig. 1(a),
T�hðx�; y�; t�Þ and T�s ðx�; y�; t�Þ are the temperatures in the heater
and substrate, respectively, ah and kh are the thermal diffusivity
and conductivity, respectively, of the heater material, and as and
ks are those of the substrate material.

Using the non-dimensional variables Th;s ¼ ðT�h;s � T�0Þð4akh=bPÞ,
x = x*/b, y = y*/b and t = x*t*, we get

@2Th

@x
þ @

2Th

@y2 þ ð1þ cos 2tÞ ¼ v2b
@Th

@t
; ð2aÞ

@2Ts

@x2 þ
@2Ts

@y2 ¼ v2 @Ts

@t
; ð2bÞ

where v ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2x�b2

=as

q
and b = as/ah. The lengths in Fig. 1(a) are

non-dimensionalized as A = a/b, C = c/b and D = d/b.
We can separate the time-independent and oscillatory parts of

the temperature as

Th ¼ Thðx; yÞ þ hc
hðx; yÞ cos 2t þ hs

hðx; yÞ sin 2t; ð3aÞ
Ts ¼ Tsðx; yÞ þ hc

sðx; yÞ cos 2t þ hs
sðx; yÞ sin 2t; ð3bÞ

where Th;s represents the time average of the non-dimensional tem-
perature, and hc

h;s are the amplitude of the non-dimensional temper-
ature oscillation around the time average that is in phase with the
current, and hs

h;s is that which is 90� out of phase.
Substituting Eqs. (3a,b) in Eqs. (2a,b) and averaging over one

period, we get

@2Th

@x2 þ
@2Th

@y2 þ 1 ¼ 0; ð4aÞ

@2Ts

@x2 þ
@2Ts

@y2 ¼ 0: ð4bÞ

Substituting Eqs. (3a,b) again in Eqs. (2a,b), subtracting Eqs.
(4a,b), and collecting the cosine and sine terms, we get

@2hc
h

@x2 þ
@2hc

h

@y2 þ 1 ¼ v2bhs
h; ð5aÞ

@2hs
h

@x2 þ
@2hs

h

@y2 ¼ �v
2bhc

h; ð5bÞ

for the heater and

@2hc
s

@x2 þ
@2hc

s

@y2 ¼ v2hs
s; ð5cÞ

@2hs
s

@y2 þ
@2hs

s

@y2 ¼ �v
2hc

s ; ð5dÞ
for the substrate, respectively. In the 3x method, only the oscilla-
tory amplitudes hc

h, hs
h, hc

s and hs
s are of interest.

The spatial average of the heater temperature oscillation can be
defined as

hhc;s
h i ¼

1
A

Z A

0

Z 1

0
hc;s

h ðx; yÞdxdy: ð6Þ
2.1.3. Boundary conditions
At the adiabatic boundaries of the heater, the normal derivative

of hc;s
h should vanish. For the substrate, at the isothermal bound-

aries, hc;s
s ¼ 0, and at the adiabatic boundaries the normal deriva-

tive of hc;s
h is zero. At the interface between the heater and the

substrate hc;s
h ¼ hc;s

s and @hc;s
h =@y ¼ K@hc;s

s =@y, where K = ks/kh.

2.2. Vanishing heater-thickness approximation

Previous authors [5–10,12–24,30–32,35,37] have simplified the
problem by neglecting the heater thickness, as in Fig. 1(b); thus
only the rectangular region ABCG has to be considered. The govern-
ing equations are then Eqs. (5c) and (5d). The only change is the
boundary condition at the interface DG represented by an imposed
heat flux [37]

q00 ¼ P
4b
ð1þ cos 2x�t�Þ: ð7Þ

Non-dimensionally this gives

K
A
@~hs

@y
¼ HðxÞ � Hðx� 1Þ at y ¼ 0; ð8Þ

where H(�) is the Heaviside function.
The spatial average of the temperature oscillation in this case is

hhc;s
h i ¼

Z 1

0
hc;s

s ðx; 0Þdx: ð9Þ
3. Analytical solutions

3.1. Complex equations

To make the solution compact, we introduce the complex tem-
perature oscillation variables ~hhðx; y; tÞ ¼ hc

h þ ihs
h and ~hsðx; y; tÞ

¼ hc
s þ ihs

s. Eqs. (5a,b) are thus the real and imaginary parts of

@2~hh

@x2 þ
@2~hh

@y2 þ 1 ¼ �ibv2~hh; ð10aÞ

@2~hs

@x2 þ
@2~hs

@y2 ¼ �iv2~hs: ð10bÞ

The boundary conditions in Section 2.1.3 now apply to the com-
plex quantities ~hh;s. For the vanishing heater-thickness problem,
the governing equation is only Eq. (10b).

3.2. Finite-heater solution

Utilizing the method of separation of variables [38], the general
solutions of Eq. (10a,b) subject to the boundary conditions in Sec-
tion 2.1.3, but without using the interface conditions yet, can be
obtained as

~hsðx; yÞ ¼
X

n

cn cos ps;nx
� �

eqs;ny � e�2qs;nDe�qs;ny
� �

; ð11Þ

~hhðx; yÞ ¼
X

n

dn cosðnpxÞ e�2qh;nAeqh;ny þ e�qh;ny
� �

� 1
ibv2 ; ð12Þ

where ps;n ¼ nþ 1
2

� �
p=C, q2

s;n ¼ p2
s;n � iv2, and q2

h;n ¼ n2p2 � ibv2. For
other combinations of boundary conditions, the eigenvalues and
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eigenfunctions take different forms [38]. For example, for a convec-
tive boundary condition the eigenvalues have to be determined
numerically from the corresponding transcendental equation.

The constants cn and dn will be determined from the interface
conditions at y = 0. Equating the heat flux on both sides at the
interface, we haveX

n

dn cosðnpxÞqh;n e�2qh;nA � 1
� �

½HðxÞ � Hðx� 1Þ�

¼ K
X

n

cn cos ps;nx
� �

qs;n 1þ e�2qs;nD
� �

: ð13Þ

Multiplying both sides by cosps, mx and integrating from x = 0 to
C, we obtainX

n

dnqh;n e�2qh;nA � 1
� �

cmn ¼ Kcmqs;m 1þ e�2qs;mD
� �

C
�

2 ð14Þ

where

cmn ¼
ð�1Þnps;m sinðps;mÞ

p2
s;m � n2p2 ; m ¼ 0;1;2; . . . ð15Þ

Equating the temperature at the interface, we have

X
n

dn cosðnpxÞ e�2qh;nAþ1
� �

� 1
ibv2�

X
n

cn cosðps;nxÞ 1�e�2qs;nD
� � !

�½HðxÞ�Hðx�1Þ� ¼0: ð16Þ

Multiplying both sides by cos(mpx) and integrating from x = 0
to x = 1, we get

d0 e�2qh;mA þ 1
� �

� 1
ibv2 ¼

X
n

cn 1� e�2qs;nD
� �

cnm for m ¼ 0; ð17aÞ

dm e�2qh;mA þ 1
� �1

2
¼
X

n

cn 1� e�2qs;nD
� �

cnm for m–0; ð17bÞ

where

cnm ¼
ð�1Þmps;n sin pnð Þ

p2
s;n �m2p2 :

Eqs. (14) and (17a,b) form a set of complex linear equations that
can be written in matrix form as

ML ¼ R; ð18Þ

where, M is the coefficient matrix, L = {d0,d1, . . .,dn,c0,c1, . . .,cn}T,
R = {0,0, . . .,0,1/ibv2,0, . . .,0}T. From this the coefficients cn and dn

can be solved in Matlab directly using the matrix left division
[39]. By substituting the heater solution Eq. (12) into Eq. (6), the
expression for spatially-averaged temperature oscillation of the
heater is found to be

h~hhi ¼
d0

A
ffiffiffiffiffiffiffiffiffiffiffiffiffi
�ibv2

p 1� e�2A
ffiffiffiffiffiffiffiffiffi
�ibv2
p� �

� 1
ibv2 : ð19Þ
3.3. Vanishing heater-thickness approximation

By utilizing a procedure similar to that in the previous section,
the solution for a heater of vanishing thickness can be obtained as

~hsðx; yÞ ¼
2A
KC

X
n

cosðps;nxÞ
sin ps;n

� �
ps;nqs;n

eqs;ny � e�2qs;nDe�qs;ny

1þ e�2qs;nD ; ð20Þ

where ps,n and qs,n are defined the same as in the previous section.
At the interface we have

~hsðx;0Þ ¼
2A
KC

X
n

cosðps;nxÞ
sinðps;nÞ

ps;n

tanhðqs;nDÞ
qs;n

: ð21Þ
Substituting into Eq. (9), we get

h~hhi ¼
2A
KC

X
n

sin2ðps;nÞ
p2

s;n

tanhðqs;nDÞ
qs;n

: ð22Þ
3.4. Line heater integral approximation [10]

The heater-on-substrate conduction problem can also be solved
by a superposition principle: starting from the solution of the tem-
perature field for a line heater [11] at y = 0, x = 0, and then integrat-
ing it along the width of the heater to obtain the solution for a
finite-width heater. The final spatially-averaged temperature oscil-
lation of the heater is found to be

h~hhi ¼
2A
pK

Z 1

0

sin2ðnbÞ

n2b
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2b2 þ iv2

q dn; ð23Þ

where h~hhi ¼ hhc
hi þ ihhs

hi. The integration is carried out numerically
in Matlab using adaptive Lobatto quadrature (quadl) [39].

At low frequencies, for which v� 1, this can be approximated
as

h~hhi ¼
2A
pK

� ln vþ g� p
4

i
� �

: ð24Þ

The value of g = 0.923 can be determined by numerical integra-
tion of Eq. (23). The thermal conductivity is then easily calculated
from the slope of an experimentally-obtained hhc

hi vs. lnv curve, i.e.
from

dhhc
hi

d ln v ¼ �
2A
pK

: ð25Þ

At high frequencies, v� 1, Moon et al. [13] approximated Eq.
(23) by

h~hhi ¼
A

Kv e�ip=4: ð26Þ
4. Results

The following numerical values have been used to illustrate the
computations. The heater is taken to be aluminum for which the bulk
properties are kh = 236 W/m K, and ah = 9.63 � 10�5 m2/s. The sub-
strate is SiO2 for which ks = 1.35 W/m K, and as = 8.4 � 10�7 m2/s.
The geometric parameters are b = 20 lm and c = d = 3 mm, while
the thickness of the heater will be taken to be in the range
50 6 a 6 3000 nm. Since the solution is in the form of an infinite ser-
ies, the total number of terms must be chosen to maintain a certain
accuracy. For a smaller ratio of a/b or for higher frequencies, the
number of terms must be larger. In all cases here, the number of
terms is taken to be 1500 and 1000 for the finite- and vanishing hea-
ter-thickness solutions, respectively. It is found that further increase
in the number of terms to 2000 only results in a change of less than
1% and 0.5%, respectively.

The in-phase and out-of-phase spatially-averaged temperature
oscillations of the heater hhc;s

h i can be plotted as a function of v,
and the slope dhhc

hi=d ln v can be obtained respectively from Eqs.
(19), (22), (23), (24) or (25). It is noticed that there is an oscillatory
behavior for the finite-heater solution at very small frequencies
(v [ 2 � 10�3), which can be seen more clearly from the slope fig-
ure. This phenomenon becomes more significant when A is small
(A [ 0.005).

4.1. Low-frequency region

All the low-frequency data are plotted in semi-log scale in accor-
dance with Eq. (24). Comparison between Eq. (24) and the integral



Fig. 2. Comparison between line heater linear solution Eq. (24) and line heater
integral solution Eq. (23) in temperature and its slope. (a) Eq. (24) and (b) Eq. (23).

Fig. 3. Comparison between line heater integral solution Eq. (23) and vanishing
heater-thickness solution Eq. (22) in temperature and its slope. (a) Eq. (23) and (b)
Eq. (22).

Fig. 4. Comparison between vanishing heater-thickness solution Eq. (22) and finite-
heater solution Eq. (19) in temperature and its slope, with A = 0.015. (a) Eq. (22) and
(b) Eq. (19).
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solution Eq. (23) is shown in Fig. 2. At low frequencies (v [ 0.2),
both the amplitude and the slope agree quite well. The comparison
between the integral solution Eq. (23) and the vanishing-thickness
solution Eq. (22), is shown in Fig. 3. The in-phase components from
the these two have almost the same amplitude when v J 0.02. At
smaller frequencies, the line heater integral approach breaks down
since Eq. (23) becomes unbounded as v? 0, while the correct result
should be finite as is given by the vanishing-thickness solution. Jac-
quot et al. [34] attributed this discrepancy to the transverse heat
flow and heat capacitance of the heater, but the vanishing-thickness
solution presented here also makes the same assumptions and
yields a reasonable value. When v J 0.02, the amplitudes of the
out-of-phase component from the integral solution and vanishing-
thickness solution also agree. However, the integral solution Eq.
(23) gives a negative value (Cahill [10] and Lee and Kwun [12] plot-
ted it as positive although their formula gives a negative one), which
basically means a different definition of the phase angle. When
v [ 0.02, the out-of-phase component predicted by the integral
solution is also wrong because at v = 0, the current becomes DC,
and thus the out-of-phase component should be zero, as is verified
by the vanishing-thickness solution. From Fig. 3, it is seen that the
slopes of the integral solution and vanishing-thickness solution
agree when v J 3.5 � 10�2. The linear relation Eq. (24) is accurate
only when 3.5 � 10�2

[ v [ 0.2.
The purpose of the present paper is to investigate the effect of the

finite thickness of the heater. A typical heater thickness used in
experiments is around a = 300 nm for which A = 0.015. For this
thickness, Fig. 4 shows that at low frequencies, the vanishing hea-
ter-thickness solution, Eq. (22), agrees well with the finite-heater
solution, Eq. (19), except that the in-phase component is slightly
smaller. The slopes agree when v J 0.02. Again, the linear relation
is valid when 3.5 � 10�2

[ v [ 0.2. Fig. 5 shows the result for a
smaller thickness of a = 50 nm, which corresponds to A = 2.5 �
10�3; it is seldom below this in experiments. The vanishing hea-
ter-thickness solution now agrees better with the finite-heater solu-
tion in both amplitude and slope, but the linear region still does not
change much. We further increase the thickness of the heater to
a = 3000 nm, which corresponds to A = 0.15. The results are shown
in Fig. 6. It is seen that the approximate solution deviates more from
the finite-heater solution. The approximate solution predicts that
there is always a linear relation at a certain frequency range, how-
ever, the finite-heater solution proves that the linear relation is
accurate only within a narrower frequency region when the heater
thickness increases (3.5 � 10�2

[ v [ 0.1 for this case). For all cases
considered above, the out-of-phase components from these two
solutions agree well at this low-frequency range.



Fig. 5. Comparison between vanishing heater-thickness solution Eq. (22) and finite-
heater solution Eq. (19) in temperature and its slope, with A = 0.0025. (a) Eq. (22)
and (b) Eq. (19).

Fig. 6. Comparison between vanishing heater-thickness solution Eq. (22) and finite-
heater solution Eq. (19) in temperature and its slope, with A = 0.15. (a) Eq. (22) and
(b) Eq. (19).

Fig. 7. Comparison among Moon’s formula Eq. (26), line heater integral solution Eq.
(23) and vanishing heater-thickness solution Eq. (22) in temperature amplitude at
high frequencies, with A = 0.015. (a) Eq. (26), (b) Eq. (23) and (c) Eq. (22).

Fig. 8. Comparison between vanishing heater-thickness solution Eq. (22) and finite-
heater solution Eq. (19) in temperature amplitude at high frequencies, with
A = 0.0025. (a) Eq. (22) and (b) Eq. (19).

H. Wang, M. Sen / International Journal of Heat and Mass Transfer 52 (2009) 2102–2109 2107
4.2. High-frequency region

Eq. (26) suggests that the high-frequency data should be plotted
in log–log scale. In Fig. 7, it is seen that the approximation Eq. (26)
agrees with integral solution, Eq. (23), only at very high frequen-
cies. The integral solution gives the same amplitude as the vanish-
ing-thickness solution, Eq. (22), but again with a different sign for
the out-of-phase component.
The comparison between vanishing-thickness solution, Eq. (22),
and the finite-heater solution, Eq. (19), is shown in Figs. 8–10. It is
seen that a significant difference exists between these two solu-
tions. For the approximate solution the in-phase and out-of-phase
components become the same at high frequencies, and are inver-
sely proportional to v. However, the finite-heater solution does
not behave in that fashion, and the difference between the two
solutions increases with heater thickness. Even at the very small
thickness of A = 0.0025, as shown in Fig. 8, there is still a significant
discrepancy for the in-phase component. This needs to be taken
into account when using direct extensions of the integral solution,
Eq. (23), for measurements at high frequencies [13,18].

5. Conclusions

A two-dimensional heat conduction model for the heater-on-
substrate 3x thermal-conductivity-measurement method is



Fig. 9. Comparison between vanishing heater thickness solution Eq. (22) and finite-
heater solution Eq. (19) in temperature amplitude at high frequencies, with
A = 0.015. (a) Eq. (22) and (b) Eq. (19).

Fig. 10. Comparison between vanishing heater-thickness solution Eq. (22) and
finite-heater solution Eq. (19) in temperature amplitude at high frequencies, with
A = 0.15. (a) Eq. (22) and (b) Eq. (19).
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solved for a finite thickness of the heater. A vanishing heater-thick-
ness solution for this problem is also obtained. The solutions ob-
tained by separation of variables are in the form of infinite series,
and their coefficients are the solution of a linear matrix equation
which is determined by the interface boundary condition.

The previous solution based on line-heater integral [10] agrees
almost perfectly with the vanishing heater-thickness solution, ex-
cept at very low frequencies. While the heater thickness is ne-
glected in both of these two solutions, they predict a wrong
behavior at high frequencies. The effect of heater thickness is of
great interest and is investigated here. At low frequencies, the
out-of-phase component of the vanishing heater-thickness solu-
tion agrees well with the finite-heater solution. The in-phase
component has a smaller magnitude than that predicted by the
finite-heater solution, but the slopes of the curves are the same.
The linear relation Eq. (24) is accurate within a certain region,
and this region becomes narrower as the thickness increases. How-
ever, at high frequencies there is always a disagreement between
the vanishing heater-thickness approximation and finite-heater
solution, and the relative difference also increases with the heater
thickness. The overall conclusion is that the line-heater integral
solutions, Eqs. (23) and (24), are indeed valid as long as the fre-
quency is between a lower and an upper limit if the heater thick-
ness is small; otherwise, the heater thickness should be
considered. The analytical solution obtained here provides a theo-
retical basis for the evaluation of the design of a 3x measurement
setup.
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